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Abstract 

Poisson equation has tremendous amount of scope and has been used in several 

engineering applications. It found its way in image processing application too. Some 

interesting works are shape analysis; image matching, image compositing, image 

smoothing, image editing, image matting and image simulation for mimicking object 

deformation. In this article, we are proposing a brand new application in image 

processing field. We have explored the capability of Poisson’s equation on enhancing 

images. The performance was examined through Berkeley images in terms of qualitative 

and quantitative analysis. Performance of this work has been measured by statistical 

features like Probabilistic Rand Index (PRI), Global Consistency Error (GCE), 

Variation of Information (VOI). Our proposal scored a PRI measure of 0.83512, GCE of 

0.0324 and VOI of 0.76521over the traditional histogram equalization (HE) method 

which scored the PRI about 0.64756, GCE about 0.03548 and VOI about0.8484.With 

this proposal we have successfully introduced a new application for poisson’s equation 

successfully. 

 

Keywords: Force; Finite difference method; Histogram equalization; Image 

enhancement; Otsu segmentation; Poisson equation. 

 

1. Introduction 
Poisson equation is a very potent tool that has many engineering application [1-5]. 

It was introduced in image processing applications [4,6-10].Some interesting 

applications are shape analysis, image matching, image compositing, image smoothing, 

image editing, image matting, image registration and image simulation for mimicking 

object deformation. Notwithstanding the presence of these applications, the capability of 

this tool is still under explored in image processing application. Patrick Perez et al.[1] 

used poisson equation for editing the image regions. He used poisson in generic 

interpolation machinery method. Poisson model was applied by Gorelick et al.[6] to 

extract and detect various parts of the objects including the corners. Gradient field 

oriented poisson structure has been implemented by Yu et al.[7] on mesh editing. Shape 

analysis of image has been done by Haissam Haidar[8] based on poisson equation. Xian-

Hua et al.[9] used poisson model in noise reduction. He introduced a fresh technique 

termed as independent component analysis (ICA). In this practice, the image has been 
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transformed to ICA and then soft thresholding is applied to remove the noise. This 

technique has produced good outcome even without noise removing filters. Possion 

model has been interrogated by Jianbing Shen et al.[10] in removal of significant objects 

from natural images. He had established a new gradient-based image completion 

technique in two phases. In the first phase, the gradient maps in removed-region were 

fulfilled by patch filling and in second phase, the reconstruction of image was done by 

poisson equation. 

 

 This research was investigated on the popular Berkeley dataset. Totally 300 images 

were used to validate the proposal. Section 2 discusses the theory behind the invention. 

Section 3 explains the utilization of the proposed technique for enhancing images. 

Section 4 discusses the experimental results and comparison and finally section 5 

concludes the article. 

 

2. Poisson Equation in Image Processing 

Poisson equation is a second order elliptical partial differential equation. The 

solution of poisson equations claims a special property termed as superposable 

property. Poisson equation can be denoted as  

                                                                                                                                                     (1)                                                               

This is a generalization of Laplace equation,  

                                                                                                                                                     (2)                                         

Images are assumed to be made of several square blocks of equal sizes called 

pixels. Hence, this property of superposition plays a vital role in utilizing poisson 

equation in images. This can be better explained with an example.  Let ‘a’ is the 

potential by source function  and ‘b’ is the potential by . Hence the equations can 

be written as  

                                                                                                                                        (3)                                                                                                       

  

                                                                                                                          (4)
                           

Then the total potential by source function fa+fb is a+b. So that it can be written 

as      
 

                                                                                                   (5) 

  Since, it is linear in both potential and source; solution of poisson equation is 

superposable [10]. Second derivatives of approximated finite differences on 

horizontal coordinates are defined in the form,  
 

                                                                                                                 (6) 
 

      Second derivatives of approximated finite differences on vertical coordinates are defined in the 

form, 

 

                                                                                     (7)                                                            
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    Combining the above equations, then a new linear algebraic equation can be 

defined in the form,  

 

                 (8) 

             

Solution of these equations obtains the unknown changes  and  is 

considered as the force which opposes the external force ‘e’. The partial differential 

equation (PDE) can be solved commonly by two special techniques namely finite 

element method (FEM)[11-12] and finite difference method (FDM)[13]. The FEM 

is mostly used with mesh, so the equation should be solved with every node in the 

mesh. FDM deals with rectangular grid and also divided into three types, termed as 

central difference, forward difference and backward difference and generally 

central difference method is preferred [11].  

This concept has to be transformed to fit our problem, i.e enhancement. One 

of the most basic enhancement approach found in theory of image processing is HE. 

But using HE for processing images corrupt minute details. This approach bleaches 

images by crudely modifying the histogram. If the histogram is assumed as beam 

(physical beam seen in structural analysis), then the HE based processing leaves us 

an ‘over strained’ beam. Hence it is obvious that the beam corresponding to the best 

enhanced result is in between the initial beam (undeformed beam) and the HE based 

modified beam (over strained). As per the beam theory, the strained beam  will try 

to recover its original position. However, owing to the presence of the external 

force, it will take an equilibrium position. This concept is the motivation of our 

research. 

 

Strained beam corresponds to the HE based modified histogram. The 

difference between the initial histogram and HE based histogram serves us the 

internal force. Now the problem converges in identifying the unknown deformation 

required for the strained histogram to take the equilibrium. The equilibrium 

condition is assumed to be the histogram which corresponds to the good enhanced 

image. The right hand side of the equation (8) is the external force that has pushed 

the original histogram to ‘over strained histogram’. Now the left hand side is due to 

the internal force which is generated to oppose the external force. Hence by solving 

the equation (iterative process), we can get a new histogram that will be a balance 

between ‘initial and over strained histogram’.  The newly formed histogram will be 

a less strained version and this process will continue till, the best histogram is 

obtained. The following session completely describes the proposed enhancement 

approach. 

 

 

3. Proposed Methodology: Application of Poisson Equation in Image 

Enhancement 
In the method of FDM, the histogram corresponding to the input image and HE 

image are mapped into a rectangular grid. The PDE is transformed into equations of 

finite differences. i.e, differential equations get approximated and the solutions are 

achieved by finite measures. The size of the image is RxC and {p,q},{r,s} are the 

boundary consideration of the images on rectangular grid. The domain in the interval 
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{p,q} has diverged into equal ‘g1’grid cells and the domain interval {r,s} has diverged 

into ‘g2’ identical parts.  

     Every point of grid is symbolized the approximation of u(am, bn) where m,n are the 

pivot points. For a good approximation the grid partitions value (S1,S2) should be low.  

The remoteness of two grid points can be represented as Δa and Δb . Hence the size of 

grid cells can be expressed in the form, 

                                                                                                                                         (9) 

                                                                                                                        (10) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
               Figure 1. Poisson equation in Image enhancement 

Enhanced Image from HE 

 

Computation of force ‘e’ 

 

Solve the Poisson model 

 
 

 

 

New Image by solving Poisson model 
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If the force ‘e’ is 
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Histogram Equalization (HE) 

Vol 40, 2020

512

Tierärztliche Praxis

ISSN: 0303-6286



 

 

The length of the histogram is denoted as ‘G’ and width is represented as ‘W’. 

Hence the number of points on the grid are denoted as (S1+1)*(S2+1) and the interval 

points are denoted as (S1-1)*(S2-1). If consider, the equations has 5 grid points then the 

generated algebraic equation has (S1+1)*(S2+1)-4 unknown values. In boundaries, no 

transformations have occurred since the boundary limit is set in exterior regions. 
 

         The block diagram of proposed algorithm is shown in fig1. First, the HE image is 

obtained from the input image. Then histograms of two images were constructed. The 

force ‘e’ is calculated from the squared sum of the differences. The force ‘e’ modifies the 

‘over strained’ histogram of the input image in such a way that it reduces the error 

energy. By comparing the new resultant image with HE image then new force is 

calculated. This procedure repeats until the force reaches the minimum or equilibrium 

point. So, the force in iterations repeatedly drags the image towards a point where the 

good enhancement shall be attained. In order to achieve this, the images involved are 

discretised with uniform size. Since the size of the pixel is assumed to be of square shape, 

the discretization process can be easily realised as shown in figure 2.This figure is self-

explanatory and demonstrates how the histogram of the initial image looks like and also 

how it got modified by HE. More over the process of finding the equilibrium that 

corresponds to the optimal image is also shown. 

 

 
 

Figure 2. Discretization Process 

 
3.1 Significant Steps of the Proposed Algorithm  
 
Step 1:  Construct the HE image from the input image. 

Step 2:  Find the squared differences between histogram of input image and HE image;   

             set this as force ‘e’ . 

Step 3 : Form the poisson  PDE with force ‘e’ .  i.e., 

 
 

Step 4: Transform the PDE into finite differences by FD Mon horizontal as well as   

            vertical coordinates. 

Step 5: Solve the poisson’s linear algebraic equation in order to expose the superposable   

            property. 

 

 
 

Step 6:  Set the resultant image obtained by step 5 as new input image. 

Step 7:  Repeat the steps 2 to 6 until force ‘e’ is minimum or equilibrium point.(Hence,  

             the good histogram is  obtained at this step). 

Step 8:  Final Image is obtained from the ‘good histogram’ and hence the enhanced   

             image. 

Vol 40, 2020

513

Tierärztliche Praxis

ISSN: 0303-6286



 

 

4. Result and Discussion 

 To illustrate the concept of poisson equation on image enhancement, various results 

are discussed in this section. As mentioned earlier, this research has been carried out 

through Berkeley data. Figures (3-8) illustrates the outcomes of the proposed 

enhancement method. Since this is a new type of segmentation process and cannot be 

found in literature (best of our knowledge), we made a comparison with only HE 

method. In immediate future, the proposed work can be modified significantly to 

challenge the latest works. But, this article concentrates only on innovating a new 

application for poisson’s equation and does not intend to challenge the latest landmark 

works. Hence, we request the reader to keep this point in his mind, while going through 

the article. Three examples are displayed in Fig 3-5. These visually prove that how this 

new method has achieved good enhancement by protecting significant features without 

intensifying the background. The performance of the algorithm has been analyzed with 

three standard metrics termed as PRI, GCE, VOI[14]. To find the PRI, fractions of pairs 

of pixel are counted with label consistency between proposed method and reference. 

Finally the average of all human references derives the PRI[15]. Mapping of individual 

segmentations with refinement of segmentation derives the GCE[16]. If every region of 

one segment is identical to or subset of the region in other segment then the GCE 

measure is consistent. VOI measures[17] relate the point and its cluster. It employs 

mutual information metric and guess distance between two clusters. It also measures the 

lost or gained information varying from cluster to cluster. Performance of the proposed 

algorithm is demonstrated in table 1. The displayed results evidently shows that the 

average values of PRI, GCE and VOI metrics of proposed method have been improved 

than HE. Due to the limit of space, we have exhibited the values of only few images in 

table 1. But it has the average value of all 300 images.  

A good PRI starts from ‘1’ and minimum of ‘0’. Hence, higher values i.e., values 

closer to ‘1’ indicates better PRI. The GCE values lies between ‘1’ and ‘0’. Lower value 

of GCE indicates good measure. VOI ranges from minimum ‘0’ to at any maximum. A 

lower measure indicates a good sign on VOI. Proposed method achieves average PRI 

about 0.83512, GCE about 0.0324 and VOI about 0.7652. The compared HE values are 

0.64756 in terms of PRI, 0.03548 in GCE and 0.8484 in VOI.  

 

  Table 1. Performance evaluation between HE and Proposed Method  

 

 

Images 

Performance Evaluation 

HE Method Proposed Method 

PRI GCE VOI PRI GCE VOI 

Image Object-
egg 

0.8 099 0.0406 0.2926 0.9297 0.0313 0.2865 

Image-69015 0.6490 0.0635 0.9682 0.6562 0.0632 0.9564 

Image-42049 0.7990 0.0376 0.6206 0.8873 0.0373 0.4248 

Image-45096 0.8228 0.0218 0.5336 0.8721 0.0214 0.4234 

Image-138032 0.8316 0.0289 0.5222 0.8445 0.0278 0.4928 
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Fig.1.Sample graph with blue (dotted), green (solid) and red (dashed) lines 

(a) Subfigure 1, (b) Subfigure 2 

 

                                                                                              
        (a)                     (b)                   (c)                   (d)                      (e) 
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Fig.2.Sample graph with blue (dotted), green (solid) and red (dashed) lines 

(a) Subfigure 1, (b) Subfigure 2 

 

     
 

(a)                     (b)                   (c)                   (d)                      (e) 
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Fig.3.Sample graph with blue (dotted), green (solid) and red (dashed) lines 

(a) Subfigure 1, (b) Subfigure 2 

 

 

Figure 3. (a) Input Image(egg). (b) Enhanced Image by HE. (c) Enhanced 
Image by proposed  method. (d) Segmented Image of HE method (e) 
Segmented Image of proposed method 
 

Figure 4. (a)Input Image (69015). (b) Enhanced Image by HE. (c) Enhanced 
Image by proposed  method. (d) Segmented Image of HE method. (e) 
Segmented Image of proposed method 
 

 
Figure 5. (a) Input Image(45096). (b) Enhanced Image by HE. (c) Enhanced 
Image by proposed method.(d) Segmented Image of HE method. (e) 
Segmented Image of proposed method 
 

 
Figure 6. Comparison of PRI between HE and Proposed method 
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Figure 7. Comparison of GCE between HE and Proposed method 
 

 
 

Figure 8. Comparison of VOI between HE and Proposed method 
 

7. Conclusion 
This article discusses a brand new application for poison equation, i.e image 

enhancement. Even though poisson equation has many applications, to best of our 

knowledge this is the first time it has been used to enhance an image. Berkeley data is 

used in this research. Performance measures have achieved good impacts with average 

PRI about 0.83512, GCE about 0.0324 and VOI about 0.76521 over the traditional 

method in which PRI is 0.64756,GCE is 0.03548 and VOI is 0.8484. Standard otsu 

segmentation on this enhanced images exposes the significance of this new enhancement 

scheme by demonstrating how the salient features have been preserved. This work can be 

extended by solving various improved PDE equations and routines. 
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